Multidimensional spherical harmonics expansion of Boltzmann equation for transport in semiconductors  by Ventura, D. et al.
Appl. Math. Lett. Vol. 5, No. 3, pp. 85-90, 1992 
Printed in Great Britain. All rights reserved 
08939659/92 $5.00 + 0.00 
Copyright@ 1992 Pergamon Press Ltd 
MULTIDIMENSIONAL SPHERICAL HARMONICS EXPANSION 
OF BOLTZMANN EQUATION FOR 
TRANSPORT IN SEMICONDUCTORS 
D. VENTURA, A. GNUDI, G. BACCARANI 
University of Bologna, Department of Electronics 
vi& Bisorgimento 2, 40136 Bologna, Italy 
F. ODEH 
IBM T. J. Watson Research Center 
Box 218, Yorktown Heights, NY 10598, U.S.A. 
(Received February 1992) 
Abstract-A spherical harmonics expansion method of the Boltzmann Transport Equation (BTE) 
in the three-dimensional space is proposed. The method is quite general in terms of scattering matrix 
and band structure. We show a numerical application to a two-dimensional p-n junction. 
1. INTRODUCTION 
Traditionally, semiconductor device simulation is based either on expansions in the carrier dis- 
tribution momenta (drift-diffusion, hydrodynamic), or on particle methods (Monte Carlo). 
Some intermediate methods more accurate than the ones of the first type and less CPU inten- 
sive than Monte Carlo have been proposed. One of the most promising is the expansion of the 
distribution function into a series of spherical harmonics in the momentum space, which trans- 
forms the BTE in a series of PDE’s of lower dimensionality. The series can be truncated at the 
desired level of approximation. 
The mathematical scheme and the implementation of this model have been carried out with 
promising results in the homogeneous and one-dimensional case [l-4]. In this work the model is 
generalized to the full three-dimensional case, and the general equations are stated up to the third 
level of the expansion. Moreover, we test the mathematical model by performing a numerical 
simulation of a two-dimensional p-n junction retaining only the two lowest order terms. 
2. THE MATHEMATICAL MODEL 
Consider the classical stationary, linear BTE for electrons in the conduction band 
/S(k’,k)f(r,k’)d’le’-f(r,k)/S(k,k’)d3k’, (1) 
where ug is the group velocity, S(k, k’) the differential electron scattering probability per unit 
time from state k to state k’, and f(r, k) the distribution function, In (l), the exclusion principle 
and electron-electron scattering, which make the collision operator nonlinear, are neglected. 
The distribution function can be expanded into a series of spherical harmonic components 
which depend on r and on the modulus of the momentum. As a reference for the 0 angle, we 
take the k,-axis, and the kz-axis for the (o angle. 
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The expansion now reads: 
f (r, k) = fo (r, k) + K’ (0, ‘P) fi” (r, k) + yz” (0, ‘P) &” (r, h) + * - * (2) 
(n = -1.. . ,m = -2.. . 2, summation over repeated subscripts is assumed throughout the paper), 
where the Ylm are the well-known harmonic functions on the unit sphere. Eq. 2 cm be linearly 
combined in the form 
f (r, k) = fo (r, h) + : h (r, h) + f : 3 Lj (r, k) -I- * * * 9 
where i, j=l, . . . , 3 and fii = 0 . 
It can be shown that the components ?i are linearly related to the corresponding A, while 
the five independent components of the traceless symmetric tensor fij are linearly related to the 
five fr. We perform the expansion of the BTE using the notation (3). The tildes are lifted in 
the following calculations. A convenient way to speed up the formalism is to combine the zero 
and second-order tensor: 
Eij E 2fc 6ij + fij. (4) 
The expression (3) can now be restated as 
f = ; fi + f ; % Eij + . . . , 
where Eij is a no longer traceless tensor. The original expression can be recovered by noting that 
fo = &ii, 
fij = &ij - i &kk 6ij. (6) 
The scattering operator S(k’,k) depends, besides the moduli k and k’, only on the relative 
angle t between the two vectors. Therefore, we can expand it in spherical harmonics: 
S(k’,k) = So(k’,k)+SI(k’,k)~~+Sz(k’,k); 
k. k! k. k’. 
3fiif-1 
> 
+.a., (7) 
where 
is_ 
k k - 
cos [ 
and the p-dependent harmonic components are discarded. 
We can now substitute (5) and (7) into the BTE. Balancing the terms of the same order in 
ki/k gives a vector equation for fi and a tensor equation for Eij. The details of the calculations 
are given in the Appendix. Assuming spherically symmetric bands, the following coordinate 
transformation has been applied: 
(r, k) -+ (r, H), 
where H is the total energy 
H = E (1) - q 1c, (r). (8) 
We report here the resulting equations: 
(94 
d d I I 
dr; Ekk + 2 - &ik $- $ Q Fi &kk - 3 F q Fk Eik = - ark 
$ fi + E fj + 6ij i& 
ra 
fk + f f Q Fi fj + 4 Fj ft - 4 &j q Fk fk 
= ~16i,JSo(E’,E)r**(F)9(E’)dE’-~ 
1 
6ij &kk - -&ij, 
9 x2 
(9-b) 
where the prime corresponds to differentiation in the energy. 
In the 
of states 
velocity. 
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above equations, y(E) E (li2k2)/(27n*) defines the band-shape, g(E) is the density 
defined by g(E) z 27r(2~n*/fi~)~/~7~/~7’, and t+(E) z (2/7~1’)‘/~7’/~/7’ is the group 
We have also defined 
70 
-1 z 
I 
S (k, k’) d3 k’ = 
I 
So (k, k’) d3 k’, 
7i1fi E rclfi- 3 ’ 5’1(k’,k)fi(k’)d3k’, J 
-1 
r2 E" ,f = 70 -l&ij - f J S2 (k’,k)Eij (k’)d3k’, 
(10.8) 
(lO.b) 
(1O.c) 
and X, E ug r,,. All non-isotropic scattering mechanisms (Si # 0 and S2 # 0) are usually 
considered elastic (Si o( 6 (k’ - k)). Therefore, fi and Eij can be consistently extracted from 
the integrals in (lO.b) and (lO.c), and rl and 72 do not depend on them. We remark that the 
transformation (8) eliminates all energy derivatives of the unknowns. 
The complexity of the solution of (9) is reduced if the second term at the RHS of (4) is much 
smaller than the first. Then it is reasonable to split (9.b) in its fc and fij components, which is 
equivalent to carrying on the expansion in the notation (3). Equations (9) can then be rewritten 
1 
3 % $ &(rfi) = JSofogdE’ - i fop (1l.a) 
fi = -X1 
[ 
&fO + f + & (r3j2fij)] ) (1l.b) 
fij = -rlf2~2 
[ 
& (7-li2fj) + ar 37 -‘I2 fi) - f 6ij &(7-'la fl)] a (1l.c) 
Equation (1l.b) can be substituted into (ll.a), which gives 
; ghug 
i ( [ gfo+;&& L . (73’2fij)]) + 3g [ JSofogdE’- $fo] = 0 (1l.d) 
If fij is small enough to be treated as a perturbation, (1l.d) can be solved for fo, while (1l.b) 
and (11.~) are used to update the perturbative term. 
We stress the fact that the reduction of (3) to the more compact notation (5) can be generalized 
to whatever truncation level of the harmonics expansion. If, for instance, the term 
$ ; % ? fij, (r, k) 
is explicitly added to (3), we can still compact the expression for f into 
1 ki kj 
f = - - 
1 ki kj kI 
2k k 
--ijfgk k k -- _Qj, + . . . ) (12) 
where we defined 
Qijl E fijl+2fi6jI+2fj6/i+2f[&j 
and the original variables can be recovered by 
(13.a) 
fi (13.b) 
(13.c) 
More in general, the expansion of f (r, k) into its harmonic components, when truncated to the 
nth term, can always be compacted as the sum of two terms, respectively, of order n and n - 1, 
while the lower original terms can be recovered by contracting the indices by pairs. 
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The equations derived so far are quite general: the band shape can be modelled with the 
function y, with the only requirement of spherical symmetry; as far as the scattering mechanisms 
are concerned, we only assumed that all the anelastic part of the matrix S lies in its zero-order 
harmonic component, as we discussed earlier. The explicit models for the scattering matrix S 
and for the bands adopted in this paper are taken from [5]. We considered electron scattering 
with elastic acoustic phonons, optical phonons and ionized impurities. The band model consists 
of one isotropic parabolic upper band and one non-parabolic lower band. A feature of this band 
structure is that it reproduces the experimental density of states in silicon up to 2.6 eV. 
We can now explicitate equation (1l.d) as 
(14) 
where we defined g+(H) 3 g(H + hw,), and similarly for g- , f,f and f{ . 
3. NUMERICS AND SOFTWARE IMPLEMENTATION 
We developed a code which solves equation (14) in two dimensions. A further simplification 
was the omission of the term fij. This assumption is similar to assuming a scalar temperature in 
the hydrodynamic model. This equation is a second order linear difference-differential equation 
with non-constant coefficients, defined in the three-dimensional domain (H, 2, y) with boundary 
surfaces defined by t, y E F and H = -qqS(z, y), H = Em,, - qd(z, y), where F is the boundary of 
the cross-section of the device and E,,, is the maximum energy of our band system. Equilibrium 
distributions for fe are assumed at the contacts, whereas Neumann conditions are imposed at 
the free boundaries. At the energy extrema one imposes regularity of the distribution function. 
We used a prismatic mesh with triangular elements in the (z, y) plane. The nodes at constant 
total energy H are uniformly spaced in energy by intervals AH = hw,,/n, with n integer. 
An important feature of equation (14) is the absence of partial derivatives with respect to H. 
Therefore, each node of coordinates (H, 2, y) is connected along the H direction only to the nodes 
at (H + JLwop, 2, Y) and (H - fiwop, c, y), via the difference operator. The resulting algebraic 
system is thus decomposed into n decoupled subsystems, which can be solved independently with 
a considerable speed-up of the computation. 
For the discretization of the differential operator we used the usual box scheme, with piecewise 
constant fluxes on every interval. Note that the coefficient gXlug vanishes at the energy extrema 
with order E312. This, together with the regularity of the solution, implies the vanishing of the 
fluxes associated with the intervals next to mininum and maximum energy boundaries. 
4. APPLICATION TO THE DIODE 
In order to test the numerical scheme we simulated a twodimensional reverse biased p-n 
junction, made of an n substrate with a p + diffusion. The electric potential was taken from 
a hydrodynamic simulation. The (x, y) grid contained about 1,000 nodes. We used 580 nodes 
in the energy coordinate, which correspond to about 600,000 equations. This system, though 
huge, could be decoupled into 10 independent subsystems as explained in the previous section. 
The linear systems were solved by using the CGS solver [6], which was run on an IBM RS/SOOO 
workstation employing about 1 hour of CPU time. 
In Fig. 1 we show the average energy, defined as s fc Eg (E) dE/ s fo g (E) dE, which exhibits 
a ridge around the p+ diffusion in the depletion region. The full energy distribution spectrum is 
shown in Figs. 2 and 3 for two particular cross-sections of the device; in Fig. 2 we keep the depth 
coordinate fixed at 0.03 pm, while in Fig. 3 the width coordinate is fixed at 0.05 ,um. Both figures 
show the heating of the electron moving from the p+ to the n region. It can be clearly noticed 
that in the n region two populations are distinguished by different slopes of the distribution. The 
left boundary in Fig. 2 is a free one; therefore the hot population is not yet thermalixed. In Fig. 1 
the left boundary corresponds to the ohmic contact, where equilibrium distribution is forced. 
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Figure 1. Normalized mean energy distribution inside the device. 
Position (urn) 
Figure 2. Electron distribution function along a cut-line parallel to the surface. 
0 
Position (urn) 
Figure 3. Electron distribution function along a cut-line normal to the surface. 
REFERENCES 
1. N. Goldsman, Y. Wu and J. Frey, Efficient calculation of ionization coefficients in silicon from the energy 
distribution function, .I. Appl. Phys. 68 (3), 1075 (1990). 
2. N. Goldsman, L. Henrickson and,J. Frey, A physics-based analytical numerical solution to the Boltzmann 
transport equation for use in device simulation, Solid-St. Electron. 34 (4), 389 (1991). 
3. D. Ventura, A. Gmxli and G. Baccarani, An efficient method for evaluating the energy distribution of 
electrons in semiconductors based on spherical harmonics expansion, IEICE Trans. (to appear). 
4. A. Gnudi, D. Ventura and G. Baccarani, One-dimensional simulation of a bipolar transistor by means 
of spherical harmonics expansion of the Boltzmaun transport equation, PTOC. of the SISDEP '91 C~nf., 
pp. 205, Zurich, (September 1991). 
5. FL Brunetti et al., A many-band silicon model for hot-electron transport at high energies, Solid-St. Electron 
32 (12), 1663 (1989). 
6. P. Sonneveld, CGS, a fast Lanczos-type solver for non-symmetric linear systems, SIAM J. Ski. Stat. Comput. 
10 (l), 36 (1989). 
MiL 5:3-G 
90 D. VENTURA et al. 
APPENDIX 
The following relations hold: 
where h is a generic function of modulus k; 
9 ki --= 
ak, k 
6ij i - ki kj 3, 
J dQ = 4ir, 
J 5 ‘“idQ = :,& k k 3 13 1 
J ki k, kt km e F e T d 52 = & T (6ij 61, + Sit Sj, + 6im 6j1). 
The substitution of (5) into the LHS of (1) using (A.l) and (A.2) gives: 
64.2) 
(A.3.a) 
(A.3.b) 
(A.3.c) 
(A.4) 
where the assumption of spherically symmetric bands has been taken (ug = ug (k) k). Two integrations must now 
be performed to extract the odd and even components from (A.4): 
J (u,V+;F.Vkf)~dQ +,, 
J (ug.V,j-;F.Vk)~~dR= ;: -rug 6,, ( ?&+%+$ I n m > (A.5.b) 
4 Q 
-itTa31 [ F afn+F m 8k n g + &m Fi $ - 5 Fm fn - i Fn _fm + % 6n, Fi fi 1 + . . . 
The RHS of (1) is expanded in a similar way: from (7) and (A.3) we get: 
J S( k, k’) dk’ = 4n J &(k, k’) k” dk’ E T;‘, (A.6.a) 
J S (k’, k) f (k’) dk’ = 3 ?r J 4 ki So (k’, k) tii (k’) k” dk’ + 3 A k J S1 (k’, k) fi (k’) k” dk’ 
2 
---R J 2 kikj Sz (k’, k)&ii (k’) k” dk’ + 3 T r T J 
(A.6.b) 
Sg (k’, k) cij (k’) k” dk’ + . * * 
Therefore the odd and even components of the RHS of the BTE me: 
JIJ s,‘,,,,,..,,.:’ f(k) /S(k,*.)dk’];dD = (A.7.a) 
S(k’,k)f(k’)dk’ - f(k) /S(k,k')d;; 
Sr (k’, k) fi (k’) k” dk’ - % r $ fi (k) 
’ rr= 6 =- nm 
9 J SO (k’, k) Eii (k’) kP dk’ - g r2 6n, J S2 (k’, k) cii (k’) k” dk’ 
J S2 (k’, k)cnm (k’) kfa dk’ - $ T i ~nm (k) - &X i &m Eii (k). 
Matching the terms of the same order and performing the transformation (8) gives (9). 
(A.7.b) 
